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Abstract. We address a generalization of the classical 1- and 2-processor
UET scheduling problem on dedicated machines. In our chromatic model
of scheduling machines have non-simultaneous availability times and
tasks have arbitrary release times and due dates. Also, the versatility
of our approach makes it possible to generalize all known classical crite-
ria of optimality. Under these constraints we show that the problem of
optimal scheduling of sparse instances can be solved in polynomial time.

1 Introduction

In recent years, a number of new approaches to the problem of parallel computer
systems have been proposed. One of them is scheduling of multiprocessor task
systems [6]. According to this model any task may require for its processing
more than one processor at a time. There are two main classes of problems
in multiprocessor task scheduling. In the first class of problems, it is assumed
that the number of simultaneously required processors is important [2, 15] and a
task requires a certain prespecified number of processors. In the second class of
multiprocesor scheduling problems, the set of simultaneously required processors
is assumed to be important [1, 3, 13, 14]. In this case either a certain fixed set of
processors, or a family of processor sets on which the task can be executed is
given. This paper is concerned with a fixed set scheduling problem.

Furthermore, we assume that for each task the above-mentioned fixed set is
either 1-element or 2-element. In other words, we assume that each task is either
uniprocessor (it requires a single dedicated processor) or biprocessor (it requires
two dedicated procesors simultaneously). For brevity, we will name uniprocessor
tasks as 1-tasks and biprocessor tasks as 2-tasks.

Since the problem of scheduling 2-tasks is NP-hard subject to all classical
optimality criteria, in this paper we are concerned with a special case that the
duration of every task is the same. We will call such tasks unit execution time
(UET) tasks. Consequently, all data are assumed to be positive integers and
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deterministic. Later on we will see that such a restriction, although remain-
ing NP-hard instances in general, does allow for polynomial-time algorithms in
numerous special cases.

The third important assumption concerns availability constraints. Namely,
we assume that the availability of tasks is restricted and, in addition, some ma-
chines are available only in certain intervals called time windows. Time windows
may appear in the case of computer breakdowns or maintenance periods. More-
over, in any multitasking computer system and in hard real-time systems in
particular, urgent tasks have high priority and are pre-scheduled in certain time
intervals, thus creating multiple time windows of availability. Scheduling in time
windows was considered in e.g. [1, 2, 8].

The model of scheduling considered in this paper is justified by various tech-
nological and efficiency reasons. For example, in fault-tolerant systems tasks may
be duplicated to obtain results surely [7]. Mutual testing of processors needs two
processors working in parallel [12]. The same can be said about file transfers,
which require two corresponding processors simultaneously: the sender and the
receiver [4]. Another example is resource scheduling in a batch manufacturing
system, where jobs require two dedicated resources for processing [5].

The remaining of this paper is organized as follows. In Section 2 we set up the
problem more formally and model it as a list edge-coloring problem. Section 3
is devoted to the case when there are fewer tasks than processors. We show that
our problem can be solved efficiently by a tree coloring technique. In Section 4
we generalize these results to the case when the number of tasks is O(1) greater
than the number of processors.

2 Mathematical Model

A collection J = {J1, . . . , Jj , . . . , Jn} of n tasks has to be executed by m identical
processors M1, . . . ,Mi, . . . ,Mm ∈M . Each task Jj requires the simultaneous use
of a set fixj of one or two prespecified (unique) processors for its execution but
each processor can execute at most one such task at a time. Repetition of tasks
is not allowed. Task Jj , j = 1, . . . , n requires processing during a given time
pj . All tasks are independent, nonpreemptable and of the same length. For the
sake of simplicity we assume that pj = 1 for j = 1, . . . , n. Time is divided into
unit-length time slots. Due to availability constraints, each task Jj has a list
L(Jj) of time slots during which the task is available for processing. Each slot
on list L(Jj) has its own weight (cost), independent of other weights of slots of
all the lists. Our aim is to check whether a solution exists, and if the answer is
affirmative, we are interested in finding a schedule with the minimum total cost.
This criterion of optimality generalizes all known classical criteria: Cmax, Lmax,
Tmax, F ,

∑
wjCj ,

∑
wjLj ,

∑
wjTj ,

∑
wjUj , etc.

Using the three-field notation we can describe our problem as P |win, pj =
1, |fixj | ≤ 2|criterion, where we add a word win in the second field since time
windows are imposed on tasks rather than machines. The word criterion in the
third field is used to emphasize the versatility of our approach.



The problem considered here can be modeled as list edge-coloring of a pseu-
dograph G = (V,E). There is a one-to-one correspondence between the ver-
tex set V = {v1, . . . , vm} and the processor set M as well as the edge set
E = {e1, . . . , en} and the task set J , in the sense that a loop ej = {vi} ∈ E
corresponds to 1-task Jj to be executed on Mi, and edge ej = {vi, vk} ∈ E
corresponds to 2-task Jj to be executed on machines Mi and Mk. Such a pseu-
dograph will be called a scheduling graph. To each edge e of G there is assigned
a list L(e) ⊆ N (where N is the set of positive integers) specifying which slots
(colors) are available to e. Moreover, to each e ∈ E there is assigned an arbitrary
(not necessary increasing) cost function fe : L(e)→ N ∪ {0} specifying the cost
of coloring edge e with a particular color i ∈ N . The functions fe are assumed
to be computable in O(1) time. The sum of costs among all edges is the cost
of coloring of graph G. We will attempt to minimize this parameter. It is easy
to see that any solution to the P |win, pj = 1, |fixj | ≤ 2|- is equivalent to a list
edge-coloring of the associated scheduling graph G. Therefore, from here on we
will speak interchangeably of colorings and schedules.

Illustration of the above concepts is given in Fig. 1. We show over there an
example of problem instance, the corresponding scheduling graph and its optimal
coloring as well as Gantt diagram of the optimal solution. As already mentioned,
we will consider sparse scheduling graphs, i.e. with |E| = |V |+O(1), since such
graphs allow polynomial-time scheduling algorithms. In terms of scheduling this
means that we restrict instances to those in which the number of tasks n is O(1)
greater than the number of processors m. More precisely, the scheduling graphs
that we consider may have two kinds of cycles: short 1-edge cycles (loops), and
long cycles of 3 or more edges. In the next section we consider scheduling graphs
without long cycles. Section 4 is devoted to scheduling graphs with few long
cycles.

3 Scheduling Graphs without Long Cycles

In the following by γ(G) we denote the cyclomatic number of G, i.e. |E|−|V |−λ+
l, where λ is the number of loops and l is the number of connected components of
G. In this section we consider forests, i.e. scheduling graphs with γ(G) = 0. The
case of graphs with γ(G) ≤ k will be considered in the next section. Suppose
that a scheduling graph G is in shape of forest, i.e. it is a collection of trees
T1, T2, . . . . In this case we can color the forest by coloring each Ti separately.
For this reason it suffices to consider the problem of coloring the edges of a tree
T . Accordingly, let T be a tree on m vertices with λ ≤ m loops ei1 , ei2 , . . . , eiλ .
We replace each loop eij = {vl} by a pendant edge eij = {vl, vm+j}, j = 1, ..., λ,
thus obtaining a new tree with the same number of edges and λ new vertices,
but now there are no loops at vertices. Such a transformation is polynomial and
does not change the problem, i.e. optimal coloring of the new tree is equivalent
to optimal coloring of T .

The authors showed in [10] the following



(a) M = {M1, M2, M3, M4}

J = {J1, J2, J3, J4, J5}

J1 M1 L(J1) = (1,2) f1(x) = x

J2 M2 L(J2) = (1,3) f2(x) = 5x

J3 M1, M3 L(J3) = (1,2,3) f3(x) = 5|x – 2|

J4 M2, M3 L(J4) = (2,3,4) f4(x) = x

J5 M3, M4 L(J5) = (1,3) f5(x) = 4x
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Fig. 1. Example: (a) problem instance; (b) scheduling graph; (c) Gantt diagram.

Lemma 1. For every fixed k the cost edge-coloring problem with increasing cost
functions for graphs G with the cyclomatic number at most k can be solved in
time O(m∆1.5+k log(mC)), where C = maxe∈E(G) fe(2∆−1) and ∆ ≤ m stands
for the maximum vertex degree in G. 2

We will show that Lemma 1 can be generalized to list cost coloring of such
graphs with arbitrary cost functions. Our approach develops a technique for
finding optimal edge sum coloring of trees [9] and uses an improvement useful
in reducing its time complexity [16].



Theorem 1. An optimal list cost coloring of the edges of tree T can be found
in time O(m∆2 log(mC)), where C = maxe∈E(G),i∈L(e) fe(i).

Proof. First of all, we say that a collection of lists L is exact for a graph G if
∀{u,v}∈E |L({u, v})| = deg(u) + deg(v)− 1. It is easy to see that there is a simple
polynomial time reduction of a general list-cost coloring problem to its subcase
of exact lists L (in this reduction we only have to delete the most expensive
colors from lists ”too long” and add appropriate new ”very expensive” colors to
lists ”too short”). So in the following we can assume that L is exact.

We shall sketch a procedure for determining the minimum cost of list coloring
of a tree T . One can easily extend it to finding the corresponding coloring. For a
pair of adjacent vertices v and v′ letH stand for the largest subtree of T such that
{v, v′} belongs to H and v is a leaf. Function V al(v, v′) : L({v, v′}) → {0} ∪N
is defined so that V al(v, v′)(i) is the minimal cost of L|E(H)-list coloring of the
edges of H with the same cost functions as in T , in which edge {v, v ′} gets
color i. If we recursively find the values of V al(u, u′) for a leaf u of T , then the
requested optimal cost will be equal to mini∈L({u,u′}) V al(u, u′)(i).

If H contains only one edge {v, v′} then obviously V al(v, v′) = f{v,v′}. So
suppose that in the succeeding step of the procedure we have a subtree H as
shown in Fig. 2 and the functions V al(v′, wl), l = 1, .., k are already known.

v

v

w1 w2 wk

T1 TkT2

...

v'

Fig. 2. Tree H and its subtrees.

To find the value of V al(v, v′) we construct a bipartite graph Kv,v′ whose
vertices in the first partition are w1, ..., wk and the vertices in the second partition
are colors L({w1, v

′})∪· · ·∪L({wk, v′}). There is an edge {wl, x} in Kv,v′ if and
only if x ∈ L({wl, v′}) and then we put the weight V al(v′, wl)(x) on it. In
that case V al(v, v′)(j) is equal to the weight of the lightest k-edge matching in
subgraph Kv,v′ −{j} (i.e. the cost of coloring of T1, . . . , Tk) plus f{v,v′}(j), since
edge {v, v′} has to be given color j.

Finding the value of V al(v, v′) requires prior calculating the weights of k-edge
matchings in all graphs Kv,v′ − {j} for j ∈ L({v, v′}). By using the algorithm



mentioned in [11] for graph Kv,v′ , for which the numbers of vertices and edges
are O(degT (v′)∆(T )), we can do this in polynomial time O(degT (v′)3/2∆(T )3/2

log(m∆(T )C)). We get the overall complexity of the coloring algorithm by sum-
ming up among all vertices v′, which results in O(m∆2 log(mC)). 2

Reformulating Theorem 1 in terms of scheduling and introducing the symbol
G = forest to mean that the associated scheduling graph of the system is a
forest, we obtain the following easy instance of our basic problem.

Theorem 2. The P |win, pj = 1, |fixj | ≤ 2, G = forest|criterion problem can
be solved in polynomial time, where ‘criterion’ stands for any of the following:
Cmax,

∑
wjCj , Lmax,

∑
wjLj , Tmax,

∑
wjTj,

∑
wjUj, etc.

Proof. We will show how to minimize the solution subject to the first two crite-
ria: Cmax,

∑
wjCj . Finding an optimal solution with respect to the remaining

criteria can be accomplished similarly.

Case 1: criterion =
∑
wjCj . For each edge e ∈ E(G) we set fe(i) = iwe, i =

1, 2, . . . . Next we find an optimal coloring of the forest G by repeatedly
finding an optimal coloring of its trees.

Case 2: criterion = Cmax. For each edge e ∈ E(G) we set fe(i) = i, i ∈ N .
We find an optimal coloring of the forest G. Let l be the length of this so-
lution. We remove colors s ≥ l from all lists L(e1), L(e2), . . . and invoke the
procedure for optimal list edge-coloring of G once more. If it fails, the previ-
ous solution is the best possible. If not, we continue the process of shrinking
a schedule, possibly using a binary search to speed up the procedure. 2

4 Scheduling Graphs with Few Long Cycles

In this section we assume that n−m = O(1). As previously, suppose that graph
G is loopless and connected, and the cyclomatic number γ(G) ≤ k. Under these
assumptions we have the following

Theorem 3. For every fixed k there is a polynomial-time algorithm of complex-
ity O(m∆2+k log(mC)), where C = maxe∈E(G),i∈L(e) fe(i) for a list cost coloring
of the edges of G with the cyclomatic number at most k.

Proof. Let G(V,E) be a graph with γ(G) = k, L its exact lists and let A =
{e1, ..., ek} be a set of the edges whose deletion form G results in a spanning
tree. Moreover, let U = ∪e∈Ae be the set of all vertices incident with the edges
of A. All we need is an O(m∆(G)2 log(mC))-time procedure which for a given
L|A-list coloring d : A→ N ∪{0} of graph (U,A) finds its cost optimal extension
to an L-list edge-coloring of G. We will use the algorithm of Theorem 1. On the
basis of graph G, the collection of lists L and cost functions we build a tree T ,
as follows.

Step 1: Delete the edges of A from G.



Step 2: For each deleted edge {u, v} ∈ A introduce two new pendant edges
{u, unew}, {v, vnew} with 1-element lists of the form: LT ({v, vnew}) =
LT ({u, unew}) = {d({u, v})}. Next, define two cost functions for them,
namely: one fT{v,vnew} = f{v,u}, and the other fT{u,unew} = 0.

Step 3: Leave costs and lists of the remaining edges unchanged.

The optimal cost of list edge-coloring of T and the extension of function d to
list cost coloring of G are equal: edges {u, unew} and {v, vnew} correspond to the
’halves’ of split edge {u, v} and 1-element lists of these pendant edges enforce
the validity of the extension of d.

As far as the complexity considerations are concerned note that the number
of edge-colorings of graph (U,A) is less than (2∆)k, which is O(∆k) since k is
fixed. Moreover, |V (T )| = |V (G)|+ 2k and ∆(T ) = ∆(G), which completes the
proof. 2

As previously, on the basis of Theorem 3 we get the following easy instance
of our scheduling problem.

Theorem 4. For every fixed k the P |win, pj = 1, |fixj | ≤ 2, G = k-cyclic|criterion
problem can be solved in polynomial time. 2

Can the chromatic approach presented in the paper be extended to other in-
stances of the UET multiprocessor tasks scheduling? Consider the same problem
but with 1-tasks, 2-tasks and 3-tasks. Now 3-tasks can be modeled by hyper-
edges consisting of three vertices. Thus our pseudograph becomes a hypergraph
with 3 kinds of hyperedges: loops, edges and triangles. Clearly, no two hyper-
edges having a vertex in common can be colored the same. If, in addition to
general sparseness of the system, the number of such triangles is constant, then
we may apply the same technique as that used in the proof of Theorem 3. Con-
sequently, we arrive at a polynomial-time algorithm for optimal scheduling of
k-processor (k ≤ 3) UET tasks on dedicated processors with arbitrary availabil-
ity constraints.
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