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Abstract19

A graph is equitably k-colorable if its vertices can be partitioned into20

k independent sets in such a way that the numbers of vertices in any two21

sets differ by at most one. The smallest k for which such a coloring exists22

is known as the equitable chromatic number of G and denoted by χ=(G). It23

is known that the problem of computation of χ=(G) is NP-hard in general24

and remains so for corona graphs. In this paper we consider the same model25

of coloring in the case of corona multiproducts of graphs. In particular,26

we obtain some results regarding the equitable chromatic number for the27

l-corona product G ◦l H, where G is an equitably 3- or 4-colorable graph28

and H is an r-partite graph, a cycle or a complete graph. Our proofs are29

mostly constructive in that they lead to polynomial algorithms for equitable30

coloring of such graph products provided that there is given an equitable31

1Author has been partially supported by Narodowe Centrum Nauki under contract DEC-
2011/02/A/ST6/00201
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coloring of G. Moreover, we confirm the Equitable Coloring Conjecture for32

corona products of such graphs. This paper extends our results from [7].33

Keywords: corona graph, equitable chromatic number, equitable coloring34

conjecture, equitable graph coloring, multiproduct of graphs, NP-completeness,35

polynomial algorithm.36
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1. Introduction38

All graphs considered in this paper are finite, connected and simple, i.e. undi-39

rected, loopless and without multiple edges.40

If the set of vertices of a graphG can be partitioned into k classes V1, V2, ...., Vk41

such that each Vi is an independent set and the condition ||Vi|−|Vj || ≤ 1 holds for42

every pair (i, j), then G is said to be equitably k-colorable. In the case, where each43

color is used the same number of times, i.e. |Vi| = |Vj | for every pair (i, j), graph44

G is said to be strongly equitably k-colorable. The smallest integer k for which45

G is equitably k-colorable is known as the equitable chromatic number of G and46

denoted by χ=(G). Since equitable coloring is a proper coloring with additional47

condition, the inequality χ(G) ≤ χ=(G) holds for any graph G. It turns out that48

if a graph G has an equitable k-coloring, then it does not mean that it has also49

an equitable (k+1)-coloring. For example, K3,3 admits equitable 2-coloring, but50

it is not equitably 3-colorable.51

In some discrete industrial systems we can encounter the problem of parti-52

tioning a system with binary conflict relations into balanced conflict-free subsys-53

tems. Such situations can be clearly modeled by means of the equitable graph54

coloring. For example, equitable coloring algorithms can be used in scheduling55

and timetabling problems [6, 9].56

The notion of equitable colorability was introduced by Meyer [15]. However,57

an earlier work of Hajnal and Szemerédi [10] showed that a graph G with maximal58

degree ∆ is equitably k-colorable if k ≥ ∆+1. Recently, Kierstead et al. [11] have59

given an O(∆|V (G)|2)-time algorithm for equitable (∆+ 1)-coloring of graph G.60

In his seminal paper, Meyer [15] formulated the following conjecture:61

Conjecture 1 Equitable Coloring Conjecture (ECC). For any connected graph62

G with maximum degree ∆ and other than a complete graph or an odd cycle,63

χ=(G) ≤ ∆.64

Chen, Lih and Wu made a stronger conjecture:65

Conjecture 2 Equitable ∆-Coloring Conjecture, [3]. If G is a connected graph66

of maximum degree ∆, other than a complete graph, an odd cycle or a complete67

bipartite graph K2n+1,2n+1 for any n ≥ 1, then G is equitably ∆-colorable.68
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Conjecture 1 has been verified for all graphs on six or fewer vertices. Lih and69

Wu [13] proved that the Equitable Coloring Conjecture is true for all bipartite70

graphs. Wang and Zhang [17] considered a broader class of graphs, namely r-71

partite graphs. They proved that Meyer’s conjecture is true for complete graphs72

from this class. Conjecture 2 was confirmed for outerplanar graphs [18], series-73

parallel graphs [20], and planar graphs with maximum degree at least 9 [16, 19].74

For the survey see [12].75

In this paper we consider the same model of coloring in the case of corona76

products of graphs. The corona of two graphs, n-vertex graph G and m-vertex77

graph H, is a graph G◦H formed from one copy of G and n copies of H where the78

ith vertex of G is adjacent to every vertex in the ith copy of H. For any integer79

l ≥ 2, we define the graph G◦lH recursively from G◦H as G◦lH = (G◦l−1H)◦H80

(cf. Fig. 1). Graph G ◦l H is also named as l-corona product of G and H. Such81

type of graph product was introduced by Frucht and Harary [4].82

The topic of equitable coloring was widely discussed in the literature. It was83

considered for some particular graph classes and also for several graph products:84

Cartesian [14], tensor [6], and coronas [7, 8]. The complexity of many problems,85

including equitable coloring, that deal with very large and complicated graphs is86

reduced greatly if one is able to fully characterize the properties of less complex87

prime factors. In adition to this, corona graphs lie close to the boundary between88

easy and NP-hard coloring problems [8].89

A straightforward reduction from graph coloring to equitable coloring by90

adding sufficiently many isolated vertices to a graph, proves that it is NP-complete91

to test whether a graph has an equitable coloring with a given number of colors92

(greater than two). Furmańczyk and Kubale proved that the problem remains93

NP-complete for cubical coronas [8]. In this way they pointed out a class of94

graphs for which equitable coloring is harder than ordinary coloring. Bodlaender95

and Fomin [1] showed that the equitable coloring problem can be solved to opti-96

mality in polynomial time for graphs with bounded treewidth. Polynomial time97

algorithms are known for equitable coloring of split graphs [2], cubic graphs [8],98

and some coronas [7].99

The remainder of the paper is organized as follows. In Section 2 we give an100

upper bound on the equitable chromatic number of l-corona product of graphs101

with complete graphs while in Section 3 we give some results concerning the102

equitable colorability of l-corona products of some graphs versus r-partite graphs.103

Next, in Section 4 we consider l-corona products of graphs G with χ=(G) ≤ 4104

and cycles. Section 5 summarizes our results in a tabular form. In this way we105

extend the class of graphs that can be colored optimally in polynomial time and106

confirm the ECC conjecture for the extended class of graphs.107
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Figure 1. Example of graphs: a) C3; b) C3 ◦K2; c) C3 ◦2 K2.

2. Equitable coloring of corona multiproducts with complete108

graphs109

It is known that χ=(G ◦Km) = m+1 for every graph G such that χ (G) ≤ m+1110

[7]. As G ◦Km is (m+1)-colorable, the graph G ◦2Km is also equitably (m+1)-111

colorable, and so on. Therefore, this result can be easy generalized to the l-corona112
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product, l ≥ 1.113

Proposition 3. If G is a graph with χ (G) ≤ m+ 1, then χ=(G ◦l Km) = m+ 1114

for any l ≥ 1.115

Let us note that since G is connected, the maximum degree of the corona116

∆(G ◦l Km) is equal to ∆(G) + m · l. Since m + 1 ≤ ∆(G) + m · l, the ECC117

conjecture is true for such graphs.118

Let us also notice that we immediately get an upper bound on the equitable
chromatic number:

χ=(G ◦l H) ≤ m+ 1,

where l ≥ 1, χ(G) ≤ m+ 1 and graph H is of order m.119

3. Equitable coloring of corona graphs with r-partite graphs120

In this section we consider corona products of a graph G and r-partite graphs,121

where G fulfills some additional conditions.122

Theorem 4. Let G be an equitably k-colorable graph on n vertices and let H be123

a (k − 1)-partite graph. If k divides n (in symbols k|n), then for any l ≥ 1 graph124

G ◦l H is equitably k-colorable.125

Proof. The proof is by induction on l.126

Step 1: For l = 1 the theorem holds due to the following.127

Suppose V (G) = V1 ∪ V2 ∪ · · · ∪ Vk, where V1, . . . , Vk are independent sets
each of size n/k. This means that they form a strongly equitable k-coloring
of G. For each vertex z ∈ V (G), let Hz = (Xz

1 , . . . , X
z
k−1, E

z) be the copy
of (k − 1)-partite graph H = (X1, . . . , Xk−1, E) in G ◦H corresponding to
z. Let

V ′
1 = V1 ∪

∪
z∈V2

Xz
1 ∪ · · · ∪

∪
z∈Vk

Xz
k−1,

V ′
2 = V2 ∪

∪
z∈V3

Xz
1 ∪ · · · ∪

∪
z∈Vk

Xz
k−2 ∪

∪
z∈V1

Xz
k−1,

...
V ′
k−1 = Vk−1 ∪

∪
z∈Vk

Xz
1 ∪

∪
z∈V1

Xz
2 ∪ · · · ∪

∪
z∈Vk−2

Xz
k−1,

V ′
k = Vk ∪

∪
z∈V1

Xz
1 ∪ · · · ∪

∪
z∈Vk−1

Xz
k−1.

It is easy to see that V (G ◦ H) = V ′
1 ∪ · · · ∪ V ′

k is an equitable k-coloring128

of G ◦H. In this coloring each of the k colors is used exactly n(1 + |X1|+129

· · ·+ |Xk−1|)/k times.130

Step 2: Suppose Theorem 4 holds for some l ≥ 1.131
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Step 3: We have to show that (G ◦l H) ◦H is equitably k-colorable. Let us note132

that if k|n then the cardinality of vertex set of G ◦l H, which is equal to133

n(m + 1)l, is also divisible by k. So using the inductive hypothesis we get134

immediately the conclusion.135

136

Since any r-partite graph, where r ≤ k − 1, is also (k − 1)-partite we have137

immediately138

Corollary 5. Let G be an equitably k-colorable graph on n vertices and let H be
an r-partite graph with r ≤ k − 1. If k|n, then for any l ≥ 1

χ=(G ◦l H) ≤ k.

139

If G is an equitably 3-colorable graph on n vertices, and H is a bipartite140

graph, then Corollary 5 ensures that all corona multiproducts of G and H are141

equitably 3-colorable provided that 3|n. One may wonder whether this result can142

be extended to the case when 3 ∤ n. The theorem proved below gives a negative143

answer to this question.144

Theorem 6. Let G be an equitably 3-colorable graph on n vertices, and assume145

that 3 ∤ n. Moreover, let H be a connected bipartite graph with equal size of146

partitions and |V (H)| ≥ 6. Then multicorona products G ◦l H are not equitably147

3-colorable for l ≥ 1.148

Proof. We first observe that if G◦lH is 3-colored, then the colors on the vertices
of G uniquely determine the colors used on each copy of H. Moreover, since H
is connected, each copy of H must be equitably 2-colored. Hence, if we assume
that G ◦l H is equitably 3-colored, and adopt the convention that G ◦0 H = G,
we can write the following equalities for the number of vertices with colors 1, 2
and 3, respectively:

|V1(G ◦l H)| = |V1(G ◦l−1 H)|+ (|V2(G ◦l−1 H)|+ |V3(G ◦l−1 H)|) · |V (H)|
2 ,

|V2(G ◦l H)| = |V2(G ◦l−1 H)|+ (|V1(G ◦l−1 H)|+ |V3(G ◦l−1 H)|) · |V (H)|
2 ,

|V3(G ◦l H)| = |V3(G ◦l−1 H)|+ (|V1(G ◦l−1 H)|+ |V2(G ◦l−1 H)|) · |V (H)|
2 .

Here Vk, for k = 1, 2, 3, denotes the set of vertices of the corresponding graph
with color k. Define:

ml = max
1≤i<j≤3

∣∣∣|Vi(G ◦l H)| − |Vj(G ◦l H)|
∣∣∣ .
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Then, for l ≥ 1

ml = ml−1 ·
(
|V (H)|

2
− 1

)
.

Since 3 ∤ n, we have m0 ≥ 1. Taking into account that |V (H)| ≥ 6, we get

ml = m0 ·
(
|V (H)|

2
− 1

)l

≥ 2l ≥ 2,

which means that the coloring is not equitable, contradicting our assumption.149

The proof of Theorem 6 is completed.150

If G is an equitably 4-colorable graph on n vertices, and H is a bipartite151

graph, then Corollary 5 implies that all corona multiproducts of G and H are152

equitably 4-colorable provided that 4|n. One may wonder whether this result can153

be extended to the case when 4 ∤ n. Below, we will obtain a result that gives a154

partial answer to this question.155

We will need the following lemma.156

Lemma 7. Let G be a graph on 4 vertices, and let H be a bipartite graph with157

bipartition A and B, such that |A| = |B| and |V (H)| is divisible by 4. Then G◦H158

admits an equitable 4-coloring such that the vertices of G have pairwise different159

colors.160

Proof. Let v1, v2, v3, v4 be the vertices of G. Let H1, H2, H3 and H4 be the161

copies of H corresponding to these vertices. Moreover, for i = 1, 2, 3, 4 let Ai and162

Bi be the bipartition sets of Hi. Consider a coloring of vertices of G◦H obtained163

as follows: color v1, v2, v3, v4 with colors 1, 2, 3 and 4, respectively, color the164

vertices of A1 and A4 with color 2, color the vertices of B1 and B4 with color 3,165

color the vertices of A2 and A3 with color 1, and color the vertices of B2 and B3166

with color 4. One can easily verify that this is an equitable 4-coloring of G ◦H167

meeting the requirements of the lemma.168

Now, we prove our theorem on equitable 4-colorings.169

Theorem 8. Let G be an equitably 4-colorable graph on n ≥ 2 vertices, and let170

H be a bipartite graph with bipartition A and B, such that |A| = |B| = m/2 and171

m is divisible by 4. Then multicorona products G ◦l H are equitably 4-colorable172

for l ≥ 1.173

Proof. We first observe that it suffices to prove the theorem for l = 1. The rest174

follows from an induction on l. Thus, we will only show that G ◦H is equitably175

4-colorable.176

Consider an equitable 4-coloring of G. Let t ≡ n(mod4). We will consider 4177

cases.178
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Case 1: t = 0179

In this case 4|n, hence the equitable 4-coloring of G colors the vertices of G180

with colors 1, 2, 3 and 4 so that the color classes are of the same cardinality.181

Partition the vertices of G into n/4 groups V1, . . . , Vn/4, so that each group con-182

tains 4 vertices of different colors. For j = 1, . . . , n/4 the graphs G[Vj ] ◦ H are183

equitably 4-colorable due to Lemma 7, where G[Vj ] is a subgraph of G induced184

by Vj . Since m is divisible by 4, this results in an equitable 4-coloring of G ◦H.185

Case 2: t = 2186

In this case n ≡ 2(mod4). Hence, without loss of generality, we can assume187

that in the equitable 4-coloring of G, the vertices with colors 1 and 2 contain188

one more vertex than the vertices with colors 3 and 4. Let v1 and v2 be two189

vertices with colors 1 and 2, respectively. Similarly to Case 1, one can show that190

(G− {v1, v2}) ◦H is equitably 4-colorable. Observe that the color classes of this191

graph are going to be of equal size.192

Now, we show that G[{v1, v2}]◦H is equitably 4-colorable. Let H1 and H2 be193

the copies of H corresponding to v1 and v2, respectively. Moreover, for i = 1, 2 let194

Ai and Bi be the bipartition of Hi. Color the vertices of A1 with color 2, vertices195

of B1 with color 3, vertices of A2 with color 4, and vertices of B2 with color 1,196

respectively. One can easily check that this results in an equitable 4-coloring of197

G ◦H.198

Case 3: t = 3199

In this case n ≡ 3(mod4). Hence, without loss of generality, we can assume200

that in the equitable 4-coloring of G, the vertices with colors 1, 2 and 3 contain201

one more vertex than the vertices with color 4. Let v1, v2 and v3 be three202

vertices with colors 1, 2 and 3, respectively. Similarly to Case 1, one can show203

that (G−{v1, v2, v3}) ◦H is equitably 4-colorable. Observe that the color classes204

of this graph are going to be of equal size.205

Now, we show that G[{v1, v2, v3}] ◦ H is equitably 4-colorable. Let H1, H2206

and H3 be the copies of H corresponding to v1, v2 and v3, respectively. Moreover,207

for i = 1, 2, 3 let Ai and Bi be the bipartition of Hi. Color the vertices of A1208

with color 4, half of vertices of B1 with color 2 and the other half with color 3,209

vertices of A2 with color 1, and vertices of B2 with color 3, half of vertices of210

A3 with color 1 and the other half with color 4, and vertices of B4 with color 2,211

respectively. One can easily check that this results in an equitable 4-coloring of212

G ◦H.213

Case 4: t = 1214

In this case n ≡ 1(mod4). Hence, without loss of generality, we can assume215

that in the equitable 4-coloring of G, the vertices with color 1 contain one more216
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vertex than the vertices with colors 2, 3 and 4. Let v1, v2, v3, v4 and v5 be five217

vertices with colors 1, 2, 3 and 4, such that vi is of color i for i = 1, 2, 3, 4, and v5218

is of color 1. Observe that we can always choose such five vertices, since n ≥ 2.219

Similarly to Case 1, one can show that (G − {v1, v2, v3, v4, v5}) ◦H is equitably220

4-colorable. Observe that the color classes of this graph are going to be of equal221

size.222

Now, we show that G[{v1, v2, v3, v4, v5}]◦H is equitably 4-colorable. Let H1,223

H2, H3, H4 and H5 be the copies of H corresponding to v1, v2, v3, v4 and v5,224

respectively. Moreover, let Ai and Bi be the bipartition sets of Hi, i = 1, . . . , 5.225

Color the vertices of A1 with color 2, the vertices of B1 with color 3, the226

vertices of A2 with color 4, the vertices of B2 with color 1, the vertices of A3227

with color 1, the vertices of B3 with color 4, half of vertices of A4 with color 3228

and the other half with color 1, vertices of B4 with color 2, half of vertices of A5229

with color 2 and the other half with color 4, and the vertices of B5 with color 3,230

respectively. One can easily check that this results in an equitable 4-coloring of231

G ◦H.232

The proof of the theorem is completed.233

4. Equitable coloring of corona multiproducts with cycles234

In this section we consider corona products of a graph G and cycles. We will235

consider two main cases depending on the parity of m.236

Theorem 9. Let G be an equitably 3-colorable graph on n ≥ 1 vertices and let
m be even. If 3|n or m = 4, then

χ=(G ◦l Cm) = 3

for each l ≥ 1.237

Proof. Of course, we cannot use fewer than three colors, as χ(G◦lCm) = 3. The238

first part of the theorem, for 3|n, follows from Corollary 5.239

The case when m = 4 was partially considered in [7]. The authors proved240

that if G is an equitably 3-colorable graph on n ≥ 2 vertices, then χ=(G◦C4) = 3.241

It is easy to see that also for n = 1 this equality holds, i.e. χ=(K1 ◦ C4) = 3.242

This means that our theorem is true for l = 1. The remaining part of this proof243

is by induction on the number l, similar to that in the proof of Theorem 4.244

We also know that in the remaining cases, i.e. when G is equitably 4-colorable245

or 3 ∤ n, we need more than three colors for equitable coloring of G ◦Cm, even if246

m is even [7].247
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Theorem 10. If G is equitably 4-colorable and l ≥ 2, then the graph G ◦l Cm is248

equitably 4-colorable for each even m ≥ 4.249

Proof. Let us consider two cases.250

Case 1: 4|n251

The conclusion follows immediately from Theorem 4.252

Case 2: 4 ∤ n253

First, we will show that our theorem is true for l = 2 and then by induction254

on l we will get the conclusion for multicoronas G ◦l Cm, l ≥ 2.255

Step 1: l = 2256

• n = 1257

Now, we have to prove that there is an equitable 4-coloring of258

K1◦2Cm. First, we color with 1 the vertex of K1, next the vertices259

of Cm inK1◦Cm with colors 2 and 3 using each of themm/2 times.260

Next, we color appropriately the vertices in one copy linked to261

vertex colored with 1, m/2 copies linked to vertices colored with262

2, and m/2− 1 copies linked to vertices colored with 3 using each263

time two of three allowed colors. In particular, we use color i− 1264

and i + 1 in the copy linked to vertex colored with i (operations265

are applied modulo 4). One copy of Cm remains still uncolored.266

We color the vertices of it properly with color 1 and 0. In such a267

coloring color 1 is used (m/2 + 1)m/2 + 1 times, while any other268

color is used (m/2 + 1)m/2 times. Thus the coloring is equitable269

for each even m ≥ 4.270

• n ≥ 2271

First, we color G equitably with 4 colors and arrange the cardinal-272

ities of color classes in a non-increasing order. Next, we renumber273

the vertices of G so that for each i = 1, . . . , n vertex vi has color274

i mod 4. After that we color G ◦ Cm using for the copy adjacent275

to each vi m/2 times color (i mod 4+1) mod 4, ⌈m/4⌉ times color276

(i mod 4 + 2) mod 4 and ⌊m/4⌋ times color (i mod 4 + 3) mod 4.277

Note that this coloring is not equitable. Therefore we have to278

recolor some of the copies of Cm. To this aim we consider three279

subcases.280

(i) n ≡ 1(mod4)281

In this case we recolor:282

– the copy linked to v1 using m/2 times color 3, ⌈m/4⌉ times283

color 0, and ⌊m/4⌋ times color 2.284
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– the copy linked to v2 using m/2 times color 1, ⌈m/4⌉ times285

color 0, and ⌊m/4⌋ times color 3,286

– the copy linked to v3 using m/2 times color 1, and m/2287

times color 0,288

– the copy linked to v4 using m/2 times color 2, ⌈m/4⌉ times289

color 3, and ⌊m/4⌋ times color 1.290

(ii) n ≡ 2(mod4)291

In this case we recolor the copy linked to v2 using m/2 times292

color 1, ⌈m/4⌉ times color 0, and ⌊m/4⌋ times color 3.293

(iii) n ≡ 3(mod4)294

In this case we recolor:295

– the copy linked to v1 using m/2 times color 3, ⌈m/4⌉ times296

color 0, and ⌊m/4⌋ times color 2,297

– the copy linked to v2 using m/2 times color 1, ⌈m/4⌉ times298

color 0, and ⌊m/4⌋ times color 3,299

– the copy linked to v3 using m/2 times color 2, ⌈m/4⌉ times300

color 0, and ⌊m/4⌋ times color 1.301

One can easily check that, in each subcase, the obtained coloring302

is an equitable 4-coloring with colors {0, 1, 2, 3}. Let G′ = G◦Cm.303

Now, we repeat the above procedure to get an equitable 4-coloring304

of G′ ◦ Cm = G ◦2 Cm.305

Step 2: Induction hypothesis for some l ≥ 2.306

Step 3: The proof that G ◦l+1 Cm is equitably 4-colorable.307

Since G◦l+1Cm = (G◦lCm)◦Cm and the fact that we have an equitable308

4-coloring of the center graph G◦lCm by the induction hypothesis, we309

can extend the coloring into an equitable 4-coloring of G ◦l+1 Cm in310

the way described above.311

312

It turns out that in the case when the number of vertices of graph G is not313

divisible by three, the weak inequality becomes equality.314

Theorem 11. Let G be an equitably 3- or 4-colorable graph on n ≥ 2 vertices
and let l ≥ 1. If 3 ∤ n, then

χ=(G ◦l Cm) = 4

for each even m ≥ 6.315

Proof. Due to Theorem 10 all we need is the proof that we cannot use fewer316

colors.317
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If χ(G) = 4 then of course χ=(G ◦l Cm) = 4, for any l. Let us assume318

that χ(G) ≤ 3. Note that any 3-coloring of G uniquely determines a 3-coloring319

of G ◦l Cm. When we color the vertices in a copy of Cm linked to a vertex320

of G ◦l−1 Cm, we use two available colors. It is not hard to notice that the321

difference between cardinalities of color classes is the smallest when 3-coloring of322

G is strongly equitable. In our case, since n is not divisible by three, a strongly323

equitable coloring does not exist. If the maximal difference between cardinalities324

of any two color classes of G is 1, any 3-coloring of G ◦l Cm cannot be equitable.325

This follows from the following reasoning.326

We claim that every equitable (not strongly) 3-coloring of G determines a327

3-coloring of G ◦l Cm with maximum difference among the color classes greater328

than 1. Indeed, for l = 1 we have:329

(i) n ≡ 1(mod3)330

Cardinalities of color classes for colors 1, 2 and 3 are equal to ⌊n/3⌋(m +331

1) + 1, ⌊n/3⌋(m + 1) + m/2 and ⌊n/3⌋(m + 1) + m/2, respectively. The332

maximum difference between color classes is equal to m/2− 1 ≥ 2.333

(ii) n ≡ 2(mod3)334

Cardinalities of color classes for colors 1, 2 and 3 are equal to ⌊n/3⌋(m +335

1) + 1+m/2, ⌊n/3⌋(m+ 1)+ 1+m/2 and ⌊n/3⌋(m+ 1)+m, respectively.336

The maximum difference between color classes is equal to m/2− 1 ≥ 2.337

The reader may verify that the maximal difference between the cardinalities338

of color classes in multicorona G ◦l Cm is (m/2− 1)l, which is growing as l tends339

to infinity.340

341

Now, we consider cycles on odd number of vertices. First, let us recall a342

result for coronas G ◦ Cm, where m is odd.343

Theorem 12 [7]. If G is equitably 4-colorable graph on n ≥ 2 vertices and m ≥ 3
is odd, then

χ=(G ◦ Cm) = 4.

344

Now, we generalize this result to multicoronas.345

Theorem 13. If G is an equitably 4-colorable graph on n ≥ 2 vertices and l ≥ 1,
then

χ=

(
G ◦l Cm

)
= 4

for each odd m ≥ 3.346



Equitable Colorings of Corona Multiproducts of Graphs 13

Proof. We have χ=(G◦lCm) ≥ 4, since G◦lCm contains K1 ◦Cm as a subgraph.347

On the other hand, we get the inequality χ=(G ◦l Cm) ≤ 4 by starting from348

an initial induction step based on Theorem 12 and applying a similar inductive349

argument to that used in the proof of Theorem 10.350

We have considered equitable coloring of corona product of graphs on at351

least one vertex and even cycles or corona of graphs on at least two vertices and352

odd cycles. Now, for the sake of completeness, we consider equitable colorings of353

corona products of one isolated vertex and odd cycles. It is easy to see that354

χ=(K1 ◦ Cm) =

{
4, if m = 3,⌈
m
2

⌉
+ 1, if m > 3.

(1)

Though the value of equitable chromatic number of multicorona K1 ◦l Cm355

can be arbitrarily large for l = 1, the situation changes significantly for larger356

values of l.357

Theorem 14. If m ≥ 3, l ≥ 2, then

χ=(K1 ◦l Cm) =

{
3, if m = 4,
4, otherwise.

358

Proof. We have to consider three cases:359

Case 1: m is even360

First of all, we have χ=(K1 ◦l Cm) ≤ 4 due to Theorem 10. Next, observe361

that a 3-coloring of K1 ◦l Cm is uniquely determined up to permutations of362

colors. This coloring is equitable only for m = 4.363

Case 2: m = 3364

Since C3 = K3, our conclusion follows immediately from Proposition 3.365

Case 3: m is odd and m ≥ 5366

Observe that at least 4 colors are necessary, since K1◦2Cm includes K1◦Cm367

as a subgraph. Below we present an equitable coloring with 4 colors.368

Our proof is by induction on l.369

Step 1: For l = 2 the theorem holds due to the following.370

Let us notice that |V (K1 ◦2Cm)| = (m+1)2. This means that each of371

four colors must be used exactly (m+ 1)2/4 = (⌊m/2⌋+ 1)2 times in372

every equitable coloring. The graph K1 ◦2Cm consists of m+1 copies373

of Cm joined to vertices of K1 ◦ Cm appropriately. The equitable 4-374

coloring of K1 ◦2 Cm is formed as follows:375
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• the vertex of K1 is colored with 1376

• the remaining vertices of K1 ◦ Cm are assigned colors 2, 3 and 4377

with cardinalities equal to ⌊m/2⌋, ⌊m/2⌋ and 1, respectively378

• the copy of Cm in K1 ◦2 Cm joined to vertex colored 1 is assigned379

colors 2, 3 and 4 with cardinalities equal to 1, ⌊m/2⌋ and ⌊m/2⌋,380

respectively381

• copies of Cm in K1 ◦2 Cm joined to vertex colored 2 are assigned382

colors 1, 3 and 4 with cardinalities in each cycle equal to 1, ⌊m/2⌋383

and ⌊m/2⌋, respectively384

• copies of Cm in K1 ◦2 Cm joined to vertex colored 3 are assigned385

colors 1, 2 and 4 with cardinalities in each cycle equal to ⌊m/2⌋,386

⌊m/2⌋ and 1, respectively387

• copies of Cm in K1 ◦2 Cm joined to vertex colored 4 are assigned388

colors 1, 2 and 3 with cardinalities in each cycle Cm equal to389

⌊m/2⌋, ⌊m/2⌋ and 1, respectively.390

In such a coloring each of 4 colors is used exactly (m+ 1)2/4 times.391

Step 2: Induction hypothesis. Suppose Theorem 14 holds for some l ≥ 2.392

Step 3: We have to show that χ=((K1 ◦l Cm) ◦ Cm) = 4. The conclusion393

follows from Theorem 13.394

395

Since G ◦l Pm is a subgraph of G ◦l Cm, we have similar bounds on equitable
chromatic number of coronas of appropriate graph G and a path as it was in the
case of G ◦l Cm, namely

χ=(G ◦l Pm) ≤ χ=(G ◦l Cm).

5. Conclusion396

In the paper we have given some results concerning multicorona products of low397

chromaticity graphs (bipartite, cycles, etc.) that confirm the Equitable Coloring398

Conjecture. In particular, we have shown that the ECC conjecture follows for399

every l-corona product G ◦l H, where graph H is on m vertices and graph G400

is on n vertices and can be properly colored with m − 1 colors. Moreover, we401

have established some special cases of products G ◦l H that can be colored with402

3 or 4 colors efficiently provided that an equitable coloring of G can be done403

in polynomial time p(n). This is in sharp contrast to cubical coronas for which404

equitable coloring with 4 colors is NP-hard [8]. The main of our results are405

summarized in Table 1.406
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hhhhhhhhhhhhhhhhhhG

H bipartite even cycles Cm odd
graphs m = 4 m ≥ 6 cycles

equitably 3-colorable 3|n 3 [Thm. 4]
3 [Thm. 9]

3 [Thm. 9]
4 [Thm. 13]

graph G on n ≥ 2 vertices 3 ∤ n ≥ 4∗ [Thm. 6] 4 [Thm. 11]

equitably 4-colorable 3|n ≤ 4∗∗ [Thm. 8] ≤ 4 [Thm. 10]
≤ 4 [Thm. 10]

4 [Thm. 13]
graph G on n ≥ 2 vertices 3 ∤ n 4 [Thm. 11]

Table 1. Possible values of the equitable chromatic number of coronas G ◦l H, l ≥ 2.
Asterix (∗) means that the result is valid for H being balanced connected bipartite with
m ≥ 6. Double asterix (∗∗) means that the result is valid for H being balanced bipartite
with 4|m.

Since the time spent on coloring/recoloring of any vertex of G◦lH is constant,407

such a coloring of graphs under consideration can be done in time O(p(n) +408

nm−1(m + 1)l+1), which is polynomial in the size of G ◦l H. For example, the409

following graphs:410

• broken spoke wheels [5],411

• reels [5],412

• cubic graphs except K4 [8],413

• some graph products [6, 14],414

• some cubical coronas [8]415

admit equitable 3-coloring in polynomial time, and so do the corresponding mul-416

ticoronas.417
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