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Abstract—The problem of identification of a linear nonsta-
tionary stochastic process is considered and solved using the
approach based on functional series approximation of time-
varying parameter trajectories. The proposed fast basis func-
tion estimators are computationally attractive and yield results
that are better than those provided by the local least squares
algorithms. It is shown that two important design parameters –
the number of basis functions and the size of the local analysis
interval – can be selected on-line in an adaptive way.

Index Terms—Identification of nonstationary processes, basis
function estimators, adaptive estimation

I. INTRODUCTION

The method of basis functions is a well-known and long-
standing approach to identification of nonstationary systems
described by linear regression equations [1] – [9]. In this
framework, which is an extension of the local estimation
approach [10], [11], each of n process parameters is approxi-
mated by a linear combination of m known functions of time,
called basis functions. In this way the problem of tracking
n time-varying parameters can be converted into a simpler
problem of estimation of nm time-invariant hyperparameters
– the coefficients that appear in basis function expansions of
parameter trajectories. Estimation of hyperparameters can be
easily carried out using the method of least squares. However,
since estimation of hyperparameters requires inversion of a
nm × mn generalized regression matrix, the obvious price
one has to pay when the conversion described above is
used, is in terms of computational burden. Another problem
associated with this class of estimators, important from the
practical viewpoint, is the choice of design parameters such
as the approximation range (to comply with the rate of
process nonstationarity) and the number of basis functions
(to avoid overparametrization). In this paper we deal with all
problems mentioned above. First, based on some large sample
approximations, we derive a computationally fast version of
the basis function estimator, which requires inversion of a n×n
regression matrix only, i.e., has computational complexity
comparable with that of the local least squares estimators [10].
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Second, we propose an adaptive scheme for on-line adjustment
of the number of basis functions and the size of the local
analysis window.

II. LOCAL BASIS FUNCTION APPROACH

Consider the problem of identification, based on the avail-
able input-output data, of a nonstationary stochastic process
governed by

y(t) = ϕT(t)θ(t) + e(t) (1)

where t = . . . ,−1, 0, 1, . . . denotes discrete (normalized)
time, ϕ(t) = [u(t− 1), . . . , u(t− n)]T denotes the regression
vector made up of the previous samples of the observable
input signal u(t), θ(t) = [θ1(t), . . . , θn(t)]T is the vector of
unknown time-varying process parameters, and e(t) denotes
white measurement noise.

In the classical basis function framework, one assumes
that in a selected time interval T each parameter trajec-
tory {θj(t), t ∈ T} can be modeled as a linear com-
bination of a certain number of known functions of time
{f1(t), . . . , fm(t), t ∈ T}, further referred to as basis func-
tions (BF). Based on the input-output information {y(t),ϕ(t),
t ∈ T}, gathered in the interval T , one can estimate time-
invariant approximation coefficients and the corresponding
parameter trajectories {θj(t), t ∈ T}, j = 1, . . . , n. While
the classical BF approach yields interval estimates of time
varying parameters {θ̂j(t), t ∈ T}, the local basis function
(LBF) approach, developed in this paper, provides a sequence
of point estimates evaluated independently for each position of
the sliding local analysis window Tk(t) = [t−k, t+k] centered
at t. It can be shown that such point estimates are more
accurate than the interval ones, especially at locations close
to both ends of Tk(t) (which is pretty obvious considering the
fact that only one-sided information is available at both ends
of the analysis interval) [10].

Denote by

fl|k(i) = f0l

(
i

k

)
, l = 1, . . . ,m, i ∈ Ik = [−k, k] (2)

the set of linearly independent discrete-time functions obtained
by sampling their continuous-time analogs f0l (s), s ∈ [−1, 1]
– the square integrable basis generating functions defined on
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the interval [−1, 1]. Denote by Fk the space of all square
summable sequences defined on Ik and by Fm|k – the sub-
space of Fk spanned by the basis functions (2). Finally, denote
by

{f̃1|k(t), . . . , f̃m|k(t), t ∈ Tk(t)} (3)

the orthonormal basis set of Fm|k, i.e., the set obeying the
condition

k∑
t=−k

f̃m|k(t)f̃Tm|k(t) = Im (4)

where f̃m|k(t) = [f̃1|k(t), . . . , f̃m|k(t)]T. Orthonormalization
can be carried out, for example using the Gram-Schmidt
procedure. In agreement with our local approximation strategy,
we will assume that in the interval Tk each parameter can be
written down as a linear combination of basis functions (3)

θj(t+ i) =
m∑
l=1

bjl,m|kf̃l|k(i), i ∈ Ik, j = 1, . . . , n. (5)

Denote by ψm|k(t, i) = ϕ(t + i) ⊗ f̃m|k(i) the generalized
regression vector (⊗ is a symbol of a Kronecker product) and
by βm|k = [b11,m|k, . . . , b

1
m,m|k, . . . , b

n
1,m|k, . . . , b

n
m,m|k]T the

vector of all approximation coefficients. Using these short-
hands, the local process model can be expressed in the form

y(t+ i) = ψT
m|k(t, i)βm|k + e(t+ i), i ∈ Ik. (6)

Based on (6), the LBF estimate of θ(t) can be obtained using
the method of least squares

θ̂m|k(t) = Fm|kβ̂m|k(t), Fm|k = In ⊗ f̃Tm|k(0). (7)

where

β̂m|k(t) = arg min
βm|k

k∑
i=−k

[y(t+ i)−ψT
m|k(t, i)βm|k]2

= R−1m|k(t)rm|k(t) (8)

Rm|k(t) =

k∑
i=−k

ψm|k(t, i)ψT
m|k(t, i)

rm|k(t) =
k∑

i=−k

y(t+ i)ψm|k(t, i) .

(9)

When operated in the sliding window mode, the LBF es-
timators are computationally expensive. The computational
burden can be reduced when basis functions are recursively
computable. Such is the case when the basis is made up of
the powers of time, namely{

1,
i

k
, . . . ,

(
i

k

)m−1

, i ∈ Ik

}
(10)

which corresponds to choosing f0l (s) = sl−1, l = 1, . . . ,m.
For such a choice of basis functions the formula (5) can be
interpreted as a local Taylor series approximation of the true
parameter trajectory.

It is straightforward to show that under (9) the vector f̃m|k(i)
is recursively computable

f̃m|k(i− 1) = Am|k f̃m|k(i) (11)

which allows one to recursively compute the regression matrix
Rm|k(t) and the vector rm|k(t)

Rm|k(t) = Bm|k
[
Rm|k(t− 1)

−ψm|k(t− 1,−k)ψT
m|k(t− 1,−k)

]
BT

m|k

+ψm|k(t, k)ψT
m|k(t, k)

rm|k(t) = Bm|k
[
rm|k(t− 1)

− y(t− k − 1)ψT
m|k(t− 1,−k)

]
+ y(t+ k)ψm|k(t, k)

(12)

where Bm|k = In ⊗Am|k.
However, even if the recursive computational scheme (12) is

employed, the need to invert the mn×mn matrix Rm|k(t) at
each time instant t makes the computational effort substantial.
In the next section we will show that this effort can be reduced
significantly if the simplified version of the LBF estimator is
used instead of (7) - (9).

III. PROPERTIES OF THE LOCAL BASIS FUNCTION
ESTIMATOR

In order to derive the simplified version of the LBF estima-
tor, we will make some technical assumptions about the input
and noise sequences

(A1) {u(t)} is a zero-mean wide sense stationary Gaussian
sequence, persistently exciting of order at least n, with
an exponentially decaying autocorrelation function ru(i).

(A2) {e(t)}, independent of {u(t)}, is a sequence of zero-
mean independent and identically distributed random
variables.

(A3) {θ(t)} is independent of {u(t)} and {e(t)}.

According to [6], under (A1) and (A2) it holds that

lim
k→∞

Rm|k(t) = Φ⊗ In = R̄m (13)

where Φ = E[ϕ(t)ϕT(t)], and convergence takes place in the
mean square sense (and hence also in probability). This means
that for sufficiently large values of k the LBF estimator can
be approximately expressed as

θ̂m|k(t) ∼= Fm|kR̄−1m rm|k(t)

=
[
In ⊗ f̃Tm|k(0)

] [
Φ−1 ⊗ In

]
×

k∑
i=−k

y(t+ i)ϕ(t+ i)⊗ f̃m|k(i)

= Φ−1
k∑

i=−k

f̃Tm|k(0)f̃m|k(i)y(t+ i)ϕ(t+ i)

= θ̄m|k(t)

(14)

2019 27th European Signal Processing Conference (EUSIPCO)



where the second transition follows from the identity (A ⊗
B)(C⊗D) = (AC⊗BD) (provided that the dimensions of
the corresponding matrices/vectors match each other).

Note that (14) can be rewritten in the form

θ̄m|k(t) =
k∑

i=−k

hm|k(i)θ∗(t+ i) (15)

where

hm|k(i) = f̃Tm|k(0)f̃m|k(i), i ∈ Ik (16)

is the impulse response associated with the LBF estimator, and
the quantity

θ∗(t) = Φ−1y(t)ϕ(t) (17)

will be further referred to as the pre-estimate of θ(t). Com-
bining (1) and (17), and using assumptions (A1) - (A3), one
arrives at

E[θ∗(t)] = Φ−1E[ϕ(t)ϕT(t)]θ(t)

+ Φ−1E[ϕ(t)e(t)] = θ(t) (18)

Which means that θ∗(t) is an unbiased estimator of θ(t).
However, even though unbiased, the pre-estimate has a very
large variability which makes it useless in practice.

It can be shown [6] that if 1 ∈ Fm|k, i.e., if a constant
function can be expressed as a linear combination of basis
functions [note that this condition is fulfilled if the basis (10)
is adopted], it holds that

∑k
i=−k hm|k(i) = 1, which means

that the associated filter is lowpass. Combining (14), (15) and
(18), one obtains

E[θ̂m|k(t)] ∼= E[θ̄m|k(t)] =

k∑
i=−k

hm|k(i)θ(t+ i) (19)

i.e., the mean path of LBF estimates can be regarded as the
result of passing the true parameter trajectory through the
basis-dependent lowpass filter .

Note that in the “idealistic” case, where the true parameter
trajectory can be exactly modeled as a linear combination of
basis functions, i.e.,

θ(t+ i) = [In ⊗ f̃Tm|k(i)]βm|k, i ∈ Ik

it holds that

E[θ̂m|k(t)] ∼= E[θ̄m|k(t)]

=
k∑

i=−k

f̃Tm|k(0)f̃m|k(i)[In ⊗ f̃Tm|k(i)]βm|k

=

{
In ⊗

[
f̃Tm|k(0)

k∑
i=−k

f̃m|k(i)f̃Tm|k(i)

]}
βm|k

= [In ⊗ f̃Tm|k(0)]βm|k = θ(t)

which means that under such conditions the LBF estimator is
(approximately) unbiased. For arbitrary parameter changes the
mean path of parameter estimates is a sequence of pointwise
projections of {θ(t)} on the subspace Fm|k.

IV. FAST LOCAL BASIS FUNCTION ESTIMATOR

The simplified, fast version of the local basis function
estimator (fLBF) can be obtained by replacing in (14) the
covariance matrix Φ with its local estimate. This results in

θ̃m|k(t) = Φ̂−1k (t)
k∑

i=−k

hm|k(i)y(t+ i)ϕ(t+ i) (20)

where

Φ̂k(t) =
1

Lk

k∑
i=−k

ϕ(t+ i)ϕT(t+ i) (21)

denotes the local estimate of Φ and Lk = 2k+ 1 is the width
of the local analysis window.

The fLBF estimator is computationally cheap. First of all,
note that while evaluation of (7) - (8) requires inversion of a
mn × mn matrix Rm|k(t), in the case of the fast estimator
the size of the inverted matrix is reduced to (only) n × n.
Moreover, since the matrix Φ̂k(t) can be updated recursively

Φ̂k(t) = Φ̂k(t− 1) +
1

Lk
ϕ(t+ k)ϕT(t+ k)

− 1

Lk
ϕ(t− k − 1)ϕT(t− k − 1) (22)

one can also easily derive a recursive algorithm for evaluation
of Φ̂−1k (t) – see e.g. Section 3.2 in [10].

Second, if basis functions are recursively computable, the
elements of the vector

pm|k(t) =

k∑
i=−k

hm|k(i)y(t+ i)ϕ(t+ i) (23)

can be also computed recursively. Actually, denote by plm|k(t)
the l-th component of pm|k(t) and observe that

plm|k(t) = f̃Tm|k(0)slm|k(t)

slm|k(t) =

k∑
i=−k

f̃m|k(i)y(t+ i)u(t− l + i).
(24)

Finally, note that in the case of the polynomial basis (10),
the vectors s1m|k(t), . . . , smm|k(t) can be computed recursively
using the formula

slm|k(t) = Am|k
[
slm|k(t− 1)

− y(t− k − 1)u(t− k − l − 1)f̃m|k(i− k)
]

+ y(t+ k)u(t+ k − l)f̃m|k(i+ k)

(25)

Remark 1
Note that when the polynomial basis is adopted, and m = 1,
the LBF estimator is identical with the sliding window least
squares estimator.

Remark 2
Since all eigenvalues of the matrix Am|k lie on the unit circle
in the complex plane, the algorithm (25) is not exponentially
stable, but only marginally stable. For this reason, to prevent
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numerical errors from unbounded growth, it is recommended
that the quantities slm|k(t), l = 1, . . . , n, are periodically reset
to the values obtained via direct (nonrecursive) computation.
The same advice applies to the subtract-add algorithms for
computation of Φ̂k(t) and Φ̂−1k (t)

V. ADAPTIVE TUNING OF FAST BASIS FUNCTION
ESTIMATORS

Tracking performance of LBF estimators depends on two
design parameters – the size of the local analysis window (k)
and the number of adopted basis functions (m). It is known
that the bias component of the mean square parameter tracking
error (MSE) is inversely proportional to m and proportional
to k, and the variance component of MSE is proportional to
m and inversely proportional to k. Since MSE is the sum of
both components, to guarantee good tracking, some sort of a
compromise should be reached.

The solution proposed in this paper is based on parallel
estimation. Suppose that MK fLBF estimation algorithms,
equipped with different settings m ∈ M = {m1, . . . ,mM}
and k ∈ K = {k1, . . . , kK}, are run simultaneously and
compared using the local quality measure Jm|k(t). At each
time instant t we will choose from the set of MK competing
estimates the one that is locally the best θ̂m̂(t)|k̂(t)(t) where

{m̂(t), k̂(t)} = arg min
m∈M
k∈K

Jm|k(t) . (26)

To assess the local tracking capability of the compared esti-
mation algorithms, we will use the method of cross-validation.
Our key observation is that the fLFB estimator is a solution
of the following quadratic minimization problem

θ̃m|k(t) =

= arg min
θ

k∑
i=−k

[Lkhm|k(i)y(t+ i)−ϕT(t+ i)θ]2

= W−1
k (t)wm|k(t) (27)

where Wk(t) = LkΦ̂k(t) and wm|k(t) = Lkpm|k(t).
As a measure of fit we will use the sum of squared unbiased

interpolation errors

Jm|k(t) =
L∑

l=−L

[ε◦m|k(t+ l)]2

where L determines the size of the local decision window,

ε◦m|k(t) = y(t)−ϕT(t)θ̃◦m|k(t) (28)

and θ̃◦m|k(t) denotes parameter estimate obtained after ex-
cluding the measurement collected at the instant t from the
available data set

θ̃◦m|k(t) =

= arg min
θ

k∑
i=−k
i6=0

[Lkhm|k(i)y(t+ i)−ϕT(t+ i)θ]2

= [W◦
k(t)]−1w◦m|k(t) (29)

where

W◦
k(t) = Wk(t)−ϕ(t)ϕT(t)

w◦m|k(t) = wm|k(t)− Lkhm|k(0)y(t)ϕ(t).
(30)

Incorporating (30) and using the matrix inversion lemma [10],
one obtains

ϕT(t)θ̃◦m|k(t)

= ϕT(t)

[
W−1

k (t) +
W−1

k (t)ϕ(t)ϕT(t)W−1
k (t)

1−ϕT(t)W−1
k (t)ϕ(t)

]
×
[
Wk(t)θ̃m|k(t)− Lkhm|k(0)y(t)ϕ(t)

]
= ϕT(t)θ̃m|k(t)

− qk(t)

1− qk(t)

[
Lkhm|k(0)y(t)−ϕT(t)θ̃m|k(t)

]
where

qk(t) = ϕT(t)W−1
k (t)ϕ(t).

Combining the last result with (28), one finally arrives at

ε◦m|k(t) = εm|k(t)

+
qk(t)

1− qk(t)

[
Lkhm|k(0)y(t)−ϕT(t)θ̃m|k(t)

]
(31)

where
εm|k(t) = y(t)−ϕT(t)θ̃m|k(t) .

According to (31), evaluation of unbiased interpolation errors
does not require evaluation of the modified estimates (29).

Remark 3
For the basis (10) and m = 1 it holds that Lkh1|k(0) = 1,
leading to

ε◦1|k(t) =
ε1|k(t)

1− qk(t)
.

VI. SIMULATION RESULTS

In our simulation experiment parameter estimation was
carried out for a stationary two-tap FIR system governed by

y(t) = θ1(t)u(t− 1) + θ2(t)u(t− 2) + e(t).

The input signal was autoregressive Gaussian (ru(i) =
(0.8)|i|). System parameters were modeled as triangular chirps
with two different linearly increasing beat frequencies – see
Fig. 1. The variance of the measurement noise was set to
σ2
e = 0.005 which corresponds to SNR=15 dB.
Table I shows comparison of the mean squared parameter

estimation errors obtained for 9 LBF/fLBF estimators (poly-
nomial basis) corresponding to different choices of design
parameters: local analysis window size k (50, 100, 200)
and the number of basis functions m (1, 3, 5), and for the
adaptive parallel estimation schemes based on cross-validation
(L = 30). The dynamics of the model selection process is
illustrated by decision histograms shown in Fig. 2.

Note that the adaptive schemes yield results that are better or
equal to those provided by the best LBF/fLBF estimators with
fixed settings. As expected, the price paid for computational
simplicity of fLBF estimators is paid in terms of estimation
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Figure 1: Evolution of system parameters (two upper plots)
and typical realizations of the input/output signals (two lower
plots).
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Figure 2: Histograms of decisions on the window size (k) and
the number of basis functions (m) obtained for 100 realizations
of the fLBF estimator. Each time bin corresponds to 100
consecutive samples.

accuracy – the MSE yielded by the LBF-based scheme was
was (for the same process realizations) more than 3 times
lower than the analogous score yielded by the fLBF-based
scheme (see also Fig. 3).

VII. CONCLUSION

Identification of nonstationary stochastic systems can be
carried out using the local basis function (LBF) approach.
While providing good parameter tracking results, the LBF
estimators are computationally demanding, especially for high
dimensions of the adopted functional basis. We have shown
that this computational load can be significantly reduced (at
the cost of some estimation accuracy deterioration) if the

1 4000 8000

-0.5

0

0.5

1 4000 8000

-0.5

0

0.5

Figure 3: Comparison of parameter estimates yielded by the
original parallel estimation scheme (LBF - left plot) and its
fast (simplified) version (fLBF - right plot).

Table I: Mean squared parameter estimation errors obtained
for 9 LBF/fLBF estimators corresponding to different choices
of design parameters k (50, 100, 200) and m (1, 3, 5), and for
the proposed adaptive estimation schemes (A). All averages
were computed for 100 process realizations.

LBF fLBF
k\m 1 3 5 1 3 5

50 0.0038 0.0008 0.0011 0.0038 0.0122 0.0236
100 0.0193 0.0017 0.0009 0.0193 0.0077 0.0128
200 0.0772 0.0162 0.0035 0.0772 0.0192 0.0098
A 0.0008 0.0027

simplified, fast version of the LBF algorithm (fLBF) is used
instead of the original one. It was also shown that two
important parameters of fLBF estimators – the number of
basis functions and the size of the local analysis window –
can be chosen in an adaptive way using the cross-validation
technique. The proposed parallel estimation scheme yields
good tracking results at a moderate computational cost.
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