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Abstract— The problem of identification of a nonstationary
stochastic system is considered and solved using local basis func-
tion approximation of system parameter trajectories. Unlike
the classical basis function approach, which yields parameter
estimates in the entire analysis interval, the proposed new iden-
tification procedure is operated in a sliding window mode and
provides a sequence of point (rather than interval) estimates.
It is shown that for the polynomial basis all computations
can be carried out recursively and that two important design
parameters – the number of basis functions and the size of the
local analysis window – can be chosen in an adaptive way.

I. INTRODUCTION

Identification of nonstationary stochastic systems can be
carried out using different approaches, based on differ-
ent methodologies. First, assuming that system parameters
vary slowly with time, one can estimate them using time-
localized versions of classical identification algorithms such
as weighted least squares [1]–[3]. Secondly, one can ap-
proximate parameter trajectories by linear combinations of
known functions of time, called basis functions (BF). In
this way the problem of estimation of time-varying system
parameters can be converted to a problem of estimation of
time-invariant coefficients appearing in basis function based
trajectory approximations [4] - [14]. Finally, one can adopt a
stochastic model of parameter variation and reformulate the
identification problem as a problem of estimation of a state
of an appropriately defined linear dynamic system. In this
case parameter estimation can be carried out using Kalman
filtering/smoothing algorithms – see e.g. [15]–[17].

In this paper we combine the local estimation framework
with the basis function approach. This means that, unlike
[9], the BF approach is used to generate a sequence of
point (rather than interval) estimates of system parameters,
i.e., the estimation is carried out in the sliding window
mode. The resulting local basis function (LBF) estimation
algorithm, which for the polynomial basis can be put down in
a recursive form, can be regarded as a generalization, to the
system identification case, of the classical signal smoothing
algorithm known as Savitzky-Golay filter [18], [19]. The
current contribution is focused on one of the key aspects
of the local BF estimation that has not been satisfactorily
addressed yet: joint adaptive selection of the number of basis
functions and the width of the analysis interval.
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II. PROBLEM STATEMENT

Consider a nonstationary stochastic system governed by

y(t) = ϕT(t)θ(t) + e(t) (1)

where t = . . . ,−1, 0, 1, . . . denotes discrete (normalized)
time, θ(t) = [θ1(t), . . . , θn(t)]T denotes the n× 1 vector of
time-varying system parameters, ϕ(t) = [ϕ1(t), . . . , ϕn(t)]T

denotes the n×1 vector of regression variables (the contents
of the regression will be specified later on), and e(t) denotes
white measurement noise.

In agreement with the local BF strategy, at each time
instant t we will assume that in the local analysis interval
Tk(t) = [t− k, t+ k] of width 2k+ 1, centered at t, system
parameters can be expressed as linear combinations of a
certain number of known functions of time fl|k(i), i ∈ Ik =
[−k, k] (further referred to as basis functions), namely

θj(t+ i) =

m∑
l=1

ajl,m|kfl|k(i), j = 1, . . . , n, i ∈ Ik. (2)

The subscripts m (number of basis functions) and k (the size
of the analysis interval) are explicitly shown in (2) since later
both quantities will be a subject of adaptive scheduling.

We will assume that discrete-time basis functions fl|k(i)
are obtained by “sampling” linearly independent continuous-
time prototype functions f0

l (s), s ∈ [−1, 1], namely

fl|k(i) = f0
l

(
i

k

)
, l = 1, . . . ,m, i ∈ Ik. (3)

The subspace of the space of all square summable sequences
defined on Ik spanned by the basis functions (3) will be
further denoted by Fm|k.

Denote by

fm|k(i) = [f1|k(i), . . . , fm|k(i)]T

the m× 1 vector of basis functions. Finally, denote by

ψm|k(t, i) = ϕ(t+ i)⊗ fm|k(i)

where ⊗ denotes Kronecker product of the corresponding
vectors/matrices, the nm × 1 generalized regression vector,
and by

αm|k = [a1
1,m|k, . . . , a

1
m,m|k, . . . , a

n
1,m|k, . . . , a

n
m,m|k]T

the nm×1 vector of coefficients describing evolution of sys-
tem parameters in the interval Tk(t). Using these shorthands,
the adopted local model can be summarized as follows

y(t+ i) = ψT
m|k(t, i)αm|k + e(t+ i)

E[e2(t+ i)] = ρ, i ∈ Ik.
(4)
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III. IDENTIFICATION PROCEDURE

Identification of the model (4) can be carried out using the
method of least squares, leading to the following formulae

α̂m|k(t) = arg min
αm|k

k∑
i=−k

[y(t+ i)−ψT
m|k(t, i)αm|k]2

= P−1
m|k(t)pm|k(t) (5)

where the mn×mn generalized regression matrix Pm|k(t)
[assumed to be nonsingular] and the mn× 1 vector pm|k(t)
are given by

Pm|k(t) =

k∑
i=−k

ψm|k(t, i)ψT
m|k(t, i)

pm|k(t) =

k∑
i=−k

y(t+ i)ψm|k(t, i).

(6)

The local estimate of ρ can be obtained from

ρ̂m|k(t) =
1

2k + 1

k∑
i=−k

[y(t+ i)−ψT
m|k(t, i)α̂m|k(t)]2

=
1

2k + 1
[ck(t)− pT

m|k(t)α̂m|k(t)] (7)

where ck(t) =
∑k
i=−k y

2(t+ i).
Based on (5), the estimates of system parameters can be

evaluated using the formula

θ̂j(t) =

m∑
l=1

âjl,m|kfl|k(0), j = 1, . . . , n

which can be rewritten in a more compact form as

θ̂m|k(t) = Fm|kα̂m|k(t)

Fm|k = In ⊗ fT
m|k(0).

(8)

Note that even though the estimate α̂m|k(t) allows one to ap-
proximate parameter trajectory in the entire analysis interval
[t−k, t+k], it is used to generate a point estimate (8), valid
only at the instant t, i.e., the proposed estimation scheme
is operated in a sliding window mode. Note also that the
estimator (8) is noncausal as it relies on both “past” – with
respect to t – data samples {y(t− i),ϕ(t− i), i = 1, . . . , k}
and “future” samples {y(t+ i),ϕ(t+ i), i = 1, . . . , k}. Even
though noncausal estimators of this form cannot be used in
real time applications, such as adaptive prediction or adaptive
control, they are admissible in almost real time applications,
such as channel equalization [20] or parametric spectrum
estimation [21], where the model-based decisions can be
postponed by k sampling intervals.

IV. BASIC PROPERTIES OF LBF ESTIMATORS

To obtain analytical results, we will assume that (1) is a
finite impulse response system, i.e.,

ϕ(t) = [u(t− 1), . . . , u(t− n)]T

where u(t) denotes an observable input sequence. Further-
more, following [9], we will assume that

(A1) {u(t)} is a zero-mean wide sense stationary Gaussian
sequence, persistently exciting of order at least n,
with an exponentially decaying autocorrelation function
ru(i) = E[u(t)u(t− i)]:

∃ 0 < c1 <∞, 0 < β < 1 : |ru(i)| ≤ c1β|i|, ∀i

(A2) {e(t)}, independent of {u(t)}, is a sequence of zero-
mean independent and identically distributed random
variables with variance ρ.

Denote by {f̃1|k(i), . . . , f̃m|k(i), i ∈ Ik} the orthonormal
basis set of Fm|k, obeying the condition

k∑
i=−k

f̃m|k(i)f̃T
m|k(i) = Im

where
f̃m|k(i) = [f̃1|k(i), . . . , f̃m|k(i)]T.

Such a set of orthonormal functions can be determined
by means of applying the Gram-Schmidt procedure to
{f1|k(i), . . . , fm|k(i), i ∈ Ik}.

Let Ωk(t) = {ϕ(t+i), e(t+i)} and Φ = E[ϕ(t)ϕT(t)] >
0. Denote by

θ̄m|k(t) = EΩk(t)[θ̂m|k(t)]

the mean path of parameter estimates. According to [9],
if true system parameters obey the model (4), i.e., if all
parameter trajectories belong to the subspace Fm|k, the
estimator θ̂m|k(t) is – under (A1) and (A2) – unbiased

θ̄m|k(t) = θ(t) (9)

and

cov[θ̂m|k(t)] ∼=
ρΦ−1

Nm|k
(10)

where

Nm|k =

[
k∑

i=−k

h2
m|k(i)

]−1

(11)

denotes the equivalent number of observations [2] and

hm|k(i) = f̃T
m|k(0)f̃m|k(i), i ∈ Ik. (12)

In a more realistic case, where the only assumption made
about system parameter variation is that

(A3) {θ(t)} is independent of {u(t)} and {e(t)}

which does not imply that system parameters can be exactly
modeled as linear combinations of basis functions, it can be
shown that [9]

θ̄m|k(t) =

k∑
i=−k

hm|k(i)θ(t+ i) (13)

i.e., the mean path of parameter estimates can be regarded
as a result of passing the sequence of true system parameters
through a linear noncausal filter with impulse response (12).
For this reason the sequence {hm|k(i), i ∈ Ik} will be further
referred to as impulse response associated with the LBF
estimator – see Fig. 1.
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Fig. 1: Impulse responses hm|k(i) associated with LBF estimators of different orders (k = 50).

V. RECURSIVE COMPUTABILITY

So far our considerations were not restricted to any par-
ticular basis set. However, from the practical viewpoint it
may be convenient to choose the basis that enables recursive
computation of LBF estimators. This would allow one to
significantly reduce computational load of the proposed
approach, which for large values of m may be substantial.

It is straightforward to check that the recursive computabil-
ity requirement is met if the basis set is made up of powers
of time, namely if

fm|k(i) =
[
1, i/k, . . . , (i/k)m−1

]T
which is equivalent to adopting a local Taylor series approx-
imation of parameter trajectory. Note that in this case the
basis vector is recursively (backward) computable

fm|k(i− 1) = Γm|kfm|k(i) (14)

where

Γm|k =


1 0 . . . 0
− 1
k 1 0

. . .
(m−1
m−1)

(−k)m−1

(m−1
m−2)

(−k)m−2 . . . 1


and

(
n
k

)
= n!

k!(n−k)! denotes binomial coefficient. Based
on (14), one can easily design the algorithm for recursive
computation of the quantities Pm|k(t) and pm|k(t), needed
to evaluate θ̂m|k(t):

Pm|k(t) = Am|k
[
Pm|k(t− 1)

−ψm|k(t− 1,−k)ψT
m|k(t− 1,−k)

]
AT
m|k

+ψm|k(t, k)ψT
m|k(t, k)

pm|k(t) = Am|k
[
pm|k(t− 1)

− y(t− k − 1)ψT
m|k(t− 1,−k)

]
+ y(t+ k)ψm|k(t, k)

(15)

where Am|k = In ⊗ Γm|k.
Another basis set for which LBF estimators are recursively

computable is made up of harmonic functions: f1|k(i) = 1,
f2l|k(i) = sin πil

k , f2l+1|k(i) = cos πilk , l = 1, . . . ,m0,
m = 2m0 + 1. It corresponds to a local Fourier series
approximation of parameter trajectory.

Remark 1
In the case of the polynomial basis, one can show that
f̃2l|k(0) = 0 for all l ≥ 1. The straightforward consequence
of this fact is that

h2l|k(i) = h2l−1|k(i), ∀i ∈ Ik, l ≥ 1. (16)

According to (16), parameter tracking capabilities of the LBF
algorithm obtained for the basis set {1, i/k, . . . , (i/k)2l+1}
are the same as those of the algorithm obtained for the
basis set {1, i/k, . . . , (i/k)2l}, i.e., to observe a noticeable
difference in tracking performance one should increase the
order of this basis by 2 (addition of odd powers of time alone
does not change tracking capabilities of the algorithm).

VI. BIAS-VARIANCE TRADEOFF

Parameter tracking performance of the LBF estimators can
be evaluated in terms of the mean square parameter estima-
tion error (MSE) which admits the following decomposition

E
[
‖ θ(t)− θ̂m|k(t) ‖2

]
=‖ θ(t)− θ̄m|k(t) ‖2

+ tr
{

cov[θ̂m|k(t)]
}
.

(17)

The first term on the right hand side of (17) can be recog-
nized as the bias component of MSE, and the second term
– as its variance component. To study dependence of bias
and variance on k (determining the size of the local analysis
window) and m (the number of basis functions), we will use
the technique of integral approximation.

First of all, note that for the large values of k the discrete-
time orthonormal basis functions can be approximately

779



expressed in terms of their continuous-time “prototypes”,
namely

f̃m|k(i)
−→
k→∞

1√
k

f̃0
m

(
i

k

)
(18)

where f̃0
m(s) = [f̃0

1 (s), . . . , f̃0
m(s)]T is the vector of

orthonormal continuous-time functions of the subspace
spanned by {f0

1 (s), . . . , f0
m(s), s ∈ [−1, 1]}, obeying the

condition ∫ 1

−1

f̃0
m(s)[̃f0

m(s)]Tds = Im.

To justify this claim, note that after replacing f̃m|k(i) with
(1/
√
k)f̃0

m(i/k) one obtains

1

k

k∑
i=−k

f̃0
m

(
i

k

)[
f̃0
m

(
i

k

)]T

∼=
1

k

∫ k

−k
f̃0
m

(τ
k

) [
f̃0
m

(τ
k

)]T
dτ

=

∫ 1

−1

f̃0
m(s)[̃f0

m(s)]Tds = Im .

Combining (11), (12) and (18), one arrives at

Nm|k ∼= k
{∫ 1

−1

{
[f0
m(0)]Tf0

m(s)
}2
ds
}−1

(19)

Since under (A3) the covariance matrix of θ̂m|k(t) is
bounded from below by (10), the variance component of the
parameter MSE is inversely proportional to Nm|k and hence,
according to (19), inversely proportional to the analysis
window size k. Furthermore, note that∫ 1

−1

{
[̃f0
m+1(0)]Tf̃0

m+1(s)
}2

ds

=

∫ 1

−1

{
[̃f0
m(0)]Tf̃0

m(s) + f̃0
m+1(0)f̃0

m+1(s)
}2

ds

=

∫ 1

−1

{
[̃f0
m(0)]Tf̃0

m(s)
}2

ds

+ 2 [̃f0
m(0)]Tf̃0

m(0)

∫ 1

−1

f̃0
m(s)f̃0

m+1(s)ds

+

∫ 1

−1

[
f̃0
m+1(0)f̃0

m+1(s)
]2
ds

(20)

Since the function f̃0
m+1(s) is orthogonal to f̃0

m(s), the sec-
ond term on the right hand side of (20) is zero. Additionally,
since the last term of (20) is nonnegative, one obtains

Nm+1|k ≤ Nm|k, ∀m ≥ 1

which means that the variance component of parameter MSE
is a nondecreasing function of the number of basis functions
m. Dependence of the equivalent number of observations
Nm|k on m for the polynomial basis (for k = 50) is shown
in Fig. 2. In this case, due to (16), it holds that

N2l|k = N2l−1|k, N2l+1|k < N2l−1|k, ∀l ≥ 1.

5 10 15 20
0

20

40

60

80

100

Fig. 2: Dependence of the equivalent number of observations
Nm|k on the number of basis functions (k = 50).

Note that Nm|k quickly decays for growing m.
Analysis of the dependence of the bias component of

parameter MSE on m and k can be performed by examining
frequency response of the filter associated with the LBF
estimator

Hm|k(ω) =

k∑
i=−k

hm|k(i)e−jωi (21)

where ω ∈ (−π, π] denotes normalized angular frequency.
Fig. 3 presents amplitude characteristics evaluated for the

polynomial basis set for m = 1, . . . , 20 [due to (16) it
holds that H2l|k(ω) = H2l−1|k(ω),∀l ≥ 1]. Note that by
increasing m, one widens the bandwidth of the associated
filter, i.e., the frequency range in which parameter changes
can be tracked successfully. As a result, for growing m
the bias component of parameter MSE drops. To capture
dependence of Hm|k(ω) on k note that

Hm|k(ω) ∼=
1

k

k∑
i=−k

[
f0
m(0)

]T
f0
m(i/k)e−jωi

∼=
1

k

∫ k

−k

[
f0
m(0)

]T
f0
m(τ/k)e−jωτdτ = H0

m(kω)

(22)

where

H0
m(ω) =

∫ 1

−1

[̃f0
m(0)]Tf̃0

m(s)e−jωsds. (23)

According to (22), the passband of the associated filter
is inversely proportional to k, i.e., for fixed m the bias
component of the parameter MSE increases along with the
analysis window size.

The analysis carried out above shows clearly that condi-
tions which guarantee minimization of the estimation bias
(small k and large m) and those that guarantee minimiza-
tion of the estimation variance (large k and small m) are
reciprocal. Since the parameter MSE (17) is the sum of
bias and variance components, to achieve good tracking
some sort of a compromise must be reached. Clearly, such
compromise values of k and m should depend on the speed
of parameter variation (degree of system nonstationarity)
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Fig. 3: Dependence of the magnitude of the frequency re-
sponse |Hm|k(ω)| on the number of basis functions (k = 50).

which itself may change with time. Hence, when no prior
information about the rate of parameter variation is available
it is important to equip LBF algorithms with some kind of
adaptive mechanism for tuning k and m.

VII. ADAPTIVE SCHEDULING OF DESIGN PARAMETERS

The proposed adaptive tuning approach exploits the par-
allel estimation technique. In this framework, one considers
MK LBF algorithms, equipped with different settings m ∈
M = {m1, . . . ,mM}, k ∈ K = {k1, . . . , kK}, that are run
simultaneously (the problem of selection of K is discussed
in some detail in [22]). At each time instant only one
of the competing algorithms is selected, i.e., the estimated
parameter and variance trajectories have the form

θ̂m̂(t)|k̂(t)(t), ρ̂m̂(t)|k̂(t)(t)

where

{m̂(t), k̂(t)} = arg min
m∈M
k∈K

Jm|k(t) (24)

and Jm|k(t) denotes the local decision statistic.
Our decision statistic will be based on cross-validatory

analysis [22]. Denote by

ε◦m|k(t) = y(t)−ϕT(t)θ̂◦m|k(t)

the unbiased output interpolation error obtained when the
measurement y(t) collected at the instant t is eliminated from
the estimation process. In this case the local estimate of θ(t)
takes the form

θ̂◦m|k(t) = Fm|kα̂
◦
m|k(t) (25)

α̂◦m|k(t) = arg min
αm|k

k∑
i=−k
i6=0

[y(t+ i)−ψT
m|k(t, i)αm|k]2

= [P◦m|k(t)]−1p◦m|k(t) (26)

where

P◦m|k(t) =

k∑
i=−k
i 6=0

ψm|k(t, i)ψT
m|k(t, i)

p◦m|k(t) =

k∑
i=−k
i 6=0

y(t+ i)ψm|k(t, i).

Selection of m and k will be based on minimization of the
sum of squared interpolation errors

Jm|k(t) =

L∑
l=−L

[ε◦m|k(t+ l)]2 (27)

where L determines the size of the local decision window.
Note that the statistic (27) can be computed recursively

Jm|k(t+1) = Jm|k(t)− [ε◦m|k(t−L)]2 +[ε◦m|k(t+L+1)]2.

Further reduction of computational load can be achieved by
noting that the unbiased interpolation error can be evaluated
in terms of the easily computable biased interpolation error

εm|k(t) = y(t)−ϕT(t)θ̂m|k(t).

The corresponding formula, derived in the Appendix, has the
form

ε◦m|k(t) =
εm|k(t)

1− qm|k(t)
(28)

where

qm|k(t) = ψT
m|k(t, 0)P−1

m|k(t)ψm|k(t, 0). (29)

According to (28), computation of the unbiased interpolation
errors does not require evaluation of the modified parameter
estimates (25).

VIII. SIMULATION RESULTS

In our simulation experiment parameter estimation was
carried out for a nonstationary two-tap FIR system governed
by

y(t) = θ1(t)u(t− 1) + θ2(t)u(t− 2) + e(t).

The input signal was autoregressive Gaussian (ru(i) =
(0.8)|i|). System parameters were modeled as triangular
chirps with two different linearly increasing beat frequencies
– see 4. The shape of parameter trajectories within the sim-
ulation interval [1, Ts] was fixed (discrete-time trajectories
were generated by “sampling” prototype analog trajecto-
ries using different sampling periods). To test identification
algorithms under different speeds of parameter variation
(SoV), three values of Ts were considered: Ts = 16000
(slow variations), Ts = 8000 (medium-speed variations) and
Ts = 4000 (fast variations). Additionally, three signal-to-
noise ratios (SNR=E{[ϕT(t)θ(t)]2}/σ2

e ) were considered: 5
dB (σ2

e = 0.05), 15 dB (σ2
e = 0.005) and 25 dB (σ2

e =
0.0005). Table I shows comparison of the mean squared
parameter estimation errors obtained for 9 LBF estimators
(polynomial basis) corresponding to different choices of
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Fig. 4: Evolution of system parameters.

design parameters: local analysis window size k (50, 100,
200) and the number of basis functions m (1, 3, 5), and
for the adaptive parallel estimation scheme based on cross-
validation (L = 30).

The results gathered in Tab. I show clearly advantages of
the proposed adaptive algorithm – in all cases considered the
parallel estimation scheme yielded results that were either
better or only slightly inferior to those provided by the best
LBF algorithm with fixed settings.

Fig. 5 shows typical realizations of parameter estimates
yielded by the adaptive scheme (SNR= 15 dB). Finally, Fig.
6 shows histograms of decisions on the window size (k) and
number of basis functions (m) obtained for 100 realizations
of the LBF-based parallel estimation scheme (SNR=15 dB).

IX. CONCLUSION

The problem of identification of a nonstationary stochastic
system was considered and solved using the time-localized
variant of the basis function approach (LBF). LBF estimators
generate a sequence of point estimates of system parameters
assuming that parameter trajectories can be locally approxi-
mated by linear combinations of a certain number of known
functions of time (basis functions). It was shown that for the
polynomial basis LBF estimators are recursively computable.
It was also shown that two important design parameters
(meta-parameters) of LBF estimators – the number of basis
functions and the size of the local analysis window – can
be selected in an adaptive, data-dependent fashion when
several competing LBF estimators, equipped with different
settings, are arranged in a parallel estimation scheme and
switched appropriately. The proposed selection criterion is
based on the leave-one-out cross-validation approach. The
resulting adaptive algorithm is computationally attractive and

Fig. 5: Typical trajectories of parameter estimates.

yields results that are either better or only slightly inferior to
those provided by the best LBF algorithm with fixed settings
incorporated in the parallel scheme.
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Appendix [derivation of (28)]

Note that

P◦m|k(t) = Pm|k(t)−ψm|k(t, 0)ψT
m|k(t, 0)

p◦m|k(t) = pm|k(t)− y(t)ψm|k(t, 0)

and

εm|k(t) = y(t)−ψT
m|k(t, 0)α̂m|k(t)

ε◦m|k(t) = y(t)−ψT
m|k(t, 0)α̂◦m|k(t).

Exploiting the fact that pm|k(t) = Pm|k(t)α̂m|k(t) and
using the matrix inversion lemma [3], one arrives at

ψT
m|k(t, 0)α̂◦m|k(t) = ψT

m|k(t, 0)

×

[
P−1
m|k(t) +

P−1
m|k(t)ψm|k(t, 0)ψT

m|k(t, 0)P−1
m|k(t)

1−ψT
m|k(t, 0)P−1

m|k(t)ψm|k(t, 0)

]
×
[
Pm|k(t)α̂m|k(t)− y(t)ψm|k(t, 0)

]
= ψT

m|k(t, 0)α̂m|k(t) +
qm|k(t)ψT

m|k(t, 0)α̂m|k(t)

1− qm|k(t)

− y(t)qm|k(t)− y(t)
q2
m|k(t)

1− qm|k(t)
= ψT

m|k(t, 0)α̂m|k(t)

−
qm|k(t)

1− qm|k(t)

[
y(t)−ψT

m|k(t, 0)α̂m|k(t)
]

leading to

ε◦m|k(t) = εm|k(t) +
qm|k(t)

1− qm|k(t)
εm|k(t)

=
εm|k(t)

1− qm|k(t)
.
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